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We present a necessary and sucient criterion for the separability of multipartite quantum states,
this criterion also tell us how to write a separable multipartite state as a convex sum of separable
pure states. To work out this criterion, we need to solve a set of equations, it is easy to solve these
quations analytically if the density matrix of the given quantum state has few nonzero eigenvalues.
PACS numbers: 03.67.-a, 03.65.Bz, 89.70.+c
Ever since it was rst noted by Einstein-Podolsky-
Rosen (EPR) [1] and Schro¨dinger [2], entanglement has
played an important role in quantum information theory.
Quantum entanglement provides strong tests of quantum
nonlocality [3,4], and it is also a useful resource for var-
ious kinds of quantum information processing, including
teleportation [5,6], entanglement swapping [7,8], cryp-
tographic key distribution [9], quantum error correction
[10] and quantum computation [11].
Any multipartite quantum state that is not separable
is called entangled, while a separable state is a state that
can be written as a convex sum of product states belong-
ing to dierent parties. It is important to know whether
a given multipartite quantum state is separable or entan-
gled.
So far, there has been many ingenious criterions for
separability. Since a separable state always satises Bell’s
inequalities, so that the later represent a necessary con-
dition for separability [12], but generally it is not suf-
cient. Peres [13] discovered another simple necessary
condition for separability, a partial transposition of a bi-
partite quantum state ρAB with respect to a subsystem A
(or B) must be positive if ρAB is separable. Peres’ crite-
rion has been shown by Horodecki et al. [14] to be strong
enough to guarantee separability for bipartite systems of
dimension 2  2 or 2  3, but, for other cases it is not
a sucient one. A general necessary and sucient con-
dition for separability in arbitrary dimensions has been
found by Horodecki et al. [14], which states that a bi-
partite state ρAB is separable if and only if the tensor
product of any positive map (a map is dened as posi-
tive if it maps positive operators into positive operators)
acting on A and the identity acting on B maps ρAB into
a positive operator. This criterion is more important in
theory that in practice since it involves the character-
ization of the set of all positive maps, which is not a
easy task. More recently, Horodecki-Horodecki [15] and
Cerf-Adami-Gingrich [16] have independently derived a
reduction criterion of separability for bipartite quantum
states, this criterion is equivalent to Peres’ for 2n com-
posite systems, also it is not a sucient condition for
separability for general cases.
Here we introduce a necessary and sucient criterion
for separability of multipartite quantum states, this cri-
terion also gives the expression for a separable state in
the form of convex sum of product pure states.
Let there be m subsystems A, B,   , M belonging to
m dierent observers Alice, Bob,   , Mary, respectively.
A m-party quantum state ρABM is called separable i










ψAi ψBi   ψMi  〈ψAi ψBi   ψMi  (1)
where fjψαi i ji = 1, 2,    r g is a set of normalized (gener-
ally not orthogonal) states of system α (α =A,B,  ,M),
and the probabilities pi > 0,
Pr
i pi = 1. On the other
hand, any given quantum state (no mater it is separa-






φABMi  〈φABMi  (2)
where
φABMi  is a set of normalized orthogonal eigen-
states corresponding to the nonzero eigenvalues λi(λi >
0,
Pk
i λi = 1). The eigenstates and eigenvalues of
ρABM can always be solved by a standard procedure.
Now come to the criterion.
Theorem: For a given m-party quantum state
ρABM , let
φABMi  be the eigenstates corresponding
to the nonzero eigenvalues λi (i = 1,   k), ρABM is
separable if and only if the set of equations8>><
>>:
jΨi Pki=1 yi φABMi jy1j2 + jy2j2 +   + jykj2 = 1
σα  trα (jΨi hΨj)
det (σα − I) = 0 (α = A,B,   M)
(3)
(here α denotes one of the m parties, and α denotes
the remaining m − 1 parties) has r dierent vector so-
lutions −!y (l) (l = 1, 2,    , r; r  k) satisfying the follow-
ing condition: there exists a set of positive numbers pi
(
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M yM = Ikk
(4)
Moreover, if ρABM is separable, it can be written as the





ψAi ψBi   ψMi  〈ψAi ψBi   ψMi 
where pi is given by eq. (4), and
ψAi ψBi   ψMi  is given






Here, we say two vectors −!y (1), −!y (2) are dierent if
there exists no factor K such that −!y (2) = K  −!y (1).
Actually we can always choose the rst column of the
matrix M (i.e., y(l)1 ) to be non-negative real numbers.
And σα is the reduced density matrix of the overall state
jΨi hΨj by tracing out the other m− 1 parties, there are
only m − 1 independent equations among the m equa-
tions det (σα − I) = 0 (α = A,B,   M). The equation
det (σα − I) = 0 is equivalent to the equation S (σα) = 0,
S (σα) is the von Neumann entropy of σα.
Proof. From Hughston-Jozsa-Wootters’ result [17], the
above theorem can be proved easily. Let us rst prove









ψAi ψBi   ψMi . It is obvious that







φABMj  = ψAi ψBi   ψMi 






j , it is
































Thus completes the proof of necessity.
Next we prove the suciency. If the eqs. (3) has
already have solutions −!y (l) (l = 1,    , r; r  k) with






φABMi  must be a separable pure










ψAl ψBl   ψMl  〈ψAl ψBl   ψMl 
































φABMi  〈φABMi 
= ρABM
This completes the proof of the theorem.
In the above theorem, we determine the separability
of a given quantum state by solving a set of equations of
the variables −!y =(y1, y2,   , ym). If ρABM has few
nonzero eigenvalues (i.e., k is small), generally we can
get analytic solution for eqs. (3). However, if ρABM
has many nonzero eigenvalues (i.e., k is great), then it
is dicult to work out an analytic solution for the equa-
tions in the above theorem, only numerical solution is
practical.
Here are some examples.
(1). Let
ρAB = λ
φ+ 〈φ++ (1 − λ) φ− 〈φ− (6)

















From det (σA − I) = 0, we get
y1 = y2
And considering the relation jy1j2 + jy2j2 = 1, we have







































Let M yM = I22, we have that
λ = 1− λ = 1
2
p = 1− p = 1
2


























The conclusion is that for λ = 12 , ρAB is separable and









































(−3i j00i+ i j11i+ j01i+ j10i)
For the convenience of calculation, let denote y1 = r1,
y2 = r2  eiϕ, here r1, r2 are positive numbers satisfying
the relation r21 + r
2

















































Let S (σA) = 0 then the above density matrix has a zero




1 + sin2 ϕ
 3 psin4 ϕ− sin2 ϕ
2 + 6 sin2 ϕ
Since r2 is positive, we have
sin4 ϕ − sin2 ϕ  0
i.e.,
sin2 ϕ = 1
Here another root sin2 ϕ = 0 is not proper since 0  r2 







































1− p −p1− pi

left-unitary, there must be
p1 = p2 =
1
2









































That is to say, the bipartite state given in eq. (7) is




j0iA h0j ⊗ j0iB h0j+
1
2
jαiA hαj ⊗ jαiB hαj
where jαi  1p
2
(j0i+ i j1i).
(3). Let us look at another example. The state of two
































For the convenience of calculation, denote y1 = r1,
y2 = r2  eiϕ, here r1, r2 are positive numbers satisfy-
ing the relation r21 + r
2











Since the above matrix has trace 1, then S (σA) = 0
if and only if both 0 and 1 are eigenvalues of the above
matrix. The eigenvalue equation is





Let x = 0 and 1 respectively, we get















which apparently contradicts the fact that
r21r22e−iϕ 
1
2 . So there is no solution to eq. (3).
Thus we conclude that the bipartite qutrit state given
by eq. (8) is always entangled.
From these examples, we know that the above criterion
is very useful for the case that ρABM has few nonzero
eigenvales.
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